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In this article, we consider the periodic two-component *μ*-Hunter--Saxton system derived by Zuo \[[@CR1]\] $$\documentclass[12pt]{minimal}
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                \begin{document}$i=1,2$\end{document}$. It is shown in \[[@CR1]\] that system ([1](#Equ1){ref-type=""}) is an Euler equation with bi-Hamilton structure $$\Gamma_{1} = \begin{pmatrix}
{\partial_{x}A} & 0 \\
0 & \partial_{x} \\
\end{pmatrix},\quad\quad\Gamma_{2} = \begin{pmatrix}
{A(u)\partial_{x} + \partial_{x}A(u) - \gamma_{1}\partial_{x}^{3}} & {\rho\partial_{x}} \\
{\partial_{x}\rho} & {2\gamma_{2}\partial_{x}} \\
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                \begin{document} $$\begin{aligned} \psi_{xx}=\lambda \bigl(A(u)-\lambda^{2}\rho^{2} \bigr)\psi ,\quad\quad \psi_{t}=\biggl(u-\frac{1}{2 \lambda }\biggr) \psi_{x}-\frac{1}{2}u_{x}\psi , \end{aligned}$$ \end{document}$$ where *λ* is a spectral parameter (see \[[@CR1]\]). Recently, Liu and Yin \[[@CR2], [@CR3]\] investigated the Cauchy problem for system ([1](#Equ1){ref-type=""}). In \[[@CR2]\], the local well-posedness and several precise blow-up criteria for the system were obtained. Under the conditions $\documentclass[12pt]{minimal}
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                \begin{document}$\mu_{0}\neq 0$\end{document}$, the sufficient conditions of blow-up solutions were presented. The global existence for strong solution for system ([1](#Equ1){ref-type=""}) in the Sobolev space $\documentclass[12pt]{minimal}
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                \begin{document}$s=2$\end{document}$ is also given \[[@CR2]\], and in \[[@CR3]\], the existence of global weak solution is established for the periodic two-component *μ*-Hunter--Saxton system. The objective of the present paper is to focus mainly on wave-breaking criterion and several sufficient conditions of blow-up solutions.
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                \begin{document}$i=1,2$\end{document}$) in system ([1](#Equ1){ref-type=""}), in fact, system ([1](#Equ1){ref-type=""}) has significant relationship with several models describing the motion of waves at the free surface of shallow water under the influence of gravity. Such as *μ*-Camassa--Holm equation \[[@CR4]--[@CR6]\], *μ*--*b* equation \[[@CR7]\], two-component periodic Hunter--Saxton system \[[@CR8]--[@CR12]\], and two-component Dullin--Gottwald--Holm system \[[@CR13], [@CR14]\]. If $\documentclass[12pt]{minimal}
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                \begin{document}$1-\partial^{2}_{x}$\end{document}$ and −*t* in system ([1](#Equ1){ref-type=""}) respectively, system ([1](#Equ1){ref-type=""})($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma_{i}=0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2$\end{document}$)) becomes the two-component Camassa--Holm system, and its dynamic properties can be found in \[[@CR15]--[@CR24]\] and the references therein.

Integrating the first equation of system ([1](#Equ1){ref-type=""}) over the circle $\documentclass[12pt]{minimal}
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                \begin{document}$\int_{\mathbb{S}}(u^{2}_{x}+\rho^{2})\,dx$\end{document}$ is conserved in time. In what follows we denote $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu_{0}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu_{1}$\end{document}$ are constants independent of time *t*.
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                \begin{document}$\int_{\mathbb{S}}(u(t,x)-\mu_{0})\,dx=\mu_{0}-\mu_{0}=0$\end{document}$. From Remark 2.1 in \[[@CR2]\], we get $$\documentclass[12pt]{minimal}
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In fact, the initial-value problem ([1](#Equ1){ref-type=""}) can be recast in the following: $$\documentclass[12pt]{minimal}
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The objective of the present paper is to focus mainly on a wave-breaking criterion and wave-breaking phenomena for system ([1](#Equ1){ref-type=""}). The local well-posedness of system ([1](#Equ1){ref-type=""}) is firstly established by using Kato's theory. Then we present two wave-breaking criteria (see Theorem [3.1](#FPar7){ref-type="sec"} and Theorem [3.2](#FPar9){ref-type="sec"}) and a wave-breaking phenomenon (Theorem [4.1](#FPar12){ref-type="sec"}) for system ([1](#Equ1){ref-type=""}) in the Sobolev space $\documentclass[12pt]{minimal}
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                \begin{document}$s\geq 2$\end{document}$. The results obtained in this paper are new and different from those in Liu and Yin's work \[[@CR2]\].

The rest of this paper is organized as follows. Section [2](#Sec2){ref-type="sec"} states local well-posedness for the periodic two-component *μ*-Hunter--Saxton system. In Sect. [3](#Sec3){ref-type="sec"}, we employ the transport equation theory to prove a wave-breaking criterion in the Sobolev space $\documentclass[12pt]{minimal}
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Local well-posedness {#Sec2}
====================

In this section, we will establish the local well-posedness for system ([1](#Equ1){ref-type=""}) by Kato's theorem. For convenience, we present here Kato's theorem. Consider the abstract quasilinear evolution equation $$\documentclass[12pt]{minimal}
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Kato's Theorem {#FPar1}
--------------

(\[[@CR25]\])

*Assume that conditions* (I), (II), *and* (III) *hold*. *Given* $\documentclass[12pt]{minimal}
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Set $$f(z) = \begin{pmatrix}
{\partial_{x}{(\mu - \partial_{x}^{2})}^{- 1}(2\mu_{0}u + \frac{\sigma}{2}u_{x}^{2} + \frac{1}{2}\rho^{2})} \\
{u_{x}\rho} \\
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u \\
\rho \\
\end{pmatrix}\quad\text{and}\quad Q = \begin{pmatrix}
\Lambda_{\mu} & 0 \\
0 & \Lambda_{\mu} \\
\end{pmatrix}.$$ Obviously, *Q* is an isomorphism of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H^{s}\times H^{s-1}$\end{document}$ onto $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H^{s-1}\times H^{s-2}$\end{document}$.

The local well-posedness for system ([1](#Equ1){ref-type=""}) is collected in the following.

Theorem 2.1 {#FPar2}
-----------
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Proof {#FPar3}
-----

Since there are some similarities with the proof of Theorem 3.1 in \[[@CR14]\], here we omit the proof of the theorem. □

Wave-breaking criteria {#Sec3}
======================

Lemma 3.1 {#FPar4}
---------

(\[[@CR26]\])
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Now, consider the initial value problem for the Lagrangian flow map: $$\documentclass[12pt]{minimal}
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Lemma 3.2 {#FPar5}
---------
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Lemma 3.3 {#FPar6}
---------
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Theorem 3.1 {#FPar7}
-----------
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Proof {#FPar8}
-----

Since the two equations for *u* and *ρ* in system ([7](#Equ7){ref-type=""}) satisfy the transport structure $$\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar9}
-----------
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-----

By Theorem [2.1](#FPar2){ref-type="sec"} and a simple density argument, we need only to prove this theorem for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s \geq 3$\end{document}$. We may also assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{0}\neq 0$\end{document}$, otherwise it is trivial. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T > 0$\end{document}$ be the maximal time of existence of the corresponding solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u, \rho )$\end{document}$ to system ([1](#Equ1){ref-type=""}). We first prove the case in ([18](#Equ18){ref-type=""}). Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T < \infty $\end{document}$ and ([18](#Equ18){ref-type=""}) is not true. Then there is some positive number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varOmega > 0$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \vert u_{x} \vert \leq \varOmega , \quad \forall (t, x) \in [0, T) \times R. \end{aligned}$$ \end{document}$$

Therefore, Theorem [3.1](#FPar7){ref-type="sec"} implies that the maximal existence time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T = \infty $\end{document}$, which contradicts the assumption that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T < \infty $\end{document}$.

Now, we try to prove the blow-up criterion ([19](#Equ19){ref-type=""}). Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sup_{x\in \mathbb{S}}(v_{x}(t,x))=-\inf_{x\in \mathbb{S}}(-v_{x}(t, x))$\end{document}$, we define $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} N(t)=u_{x}\bigl(t,-\xi (t)\bigr)=\sup_{x\in \mathbb{S}}u_{x}(t,x), \quad t \in [0, T). \end{aligned}$$ \end{document}$$ Obviously, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} u_{xx}\bigl(t,-\xi (t)\bigr)=0, \quad t \in [0, T). \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q(t,\cdot )$\end{document}$ defined by ([14](#Equ14){ref-type=""}) is a diffeomorphism of the circle for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t \in [0,T )$\end{document}$, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{1}(t) \in \mathbb{S}$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} q\bigl(t,x_{1}(t)\bigr)=\xi (t), \quad t \in [0, T). \end{aligned}$$ \end{document}$$ Along the trajectory of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q(t,x_{1}(t))$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{d\rho (t,-\xi (t))}{dt}&=\frac{d\rho (t,-q(t,x_{1}(t)))}{dt}= \rho \bigl(t,-q(t,x_{1}) \bigr)u_{x}\bigl(t,-q(t,x_{1})\bigr) \\ & =\rho \bigl(t,-\xi (t)\bigr) u_{x}\bigl(t,-\xi (t)\bigr), \quad t \in [0, T). \end{aligned}$$ \end{document}$$

Differentiating the first equation of system ([7](#Equ7){ref-type=""}) and using the equality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial^{2}_{x}\varLambda^{-2}_{\mu } f=-f+\int^{1}_{0}f\,dx$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} u_{tx}-(\sigma u+\gamma_{1})u_{xx}= \frac{\sigma }{2}u^{2}_{x}-2\mu _{0}u- \frac{1}{2}\rho^{2}+2\mu^{2}_{0}+ \int_{0}^{1}\biggl(\frac{\sigma }{2}u ^{2}_{x} +\frac{1}{2}\rho^{2}\biggr)\,dx. \end{aligned}$$ \end{document}$$ Along the trajectory of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q(t,x_{1}(t))$\end{document}$, ([25](#Equ25){ref-type=""}) can be rewritten as the following form: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} N'(t)=\frac{\sigma }{2}N^{2}(t)-\frac{1}{2} \rho^{2}(t)+d\bigl(t,-\xi (t)\bigr), \end{aligned}$$ \end{document}$$ where ′ denotes the derivative with respect to *t* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d(t)=-2\mu _{0}u+2\mu^{2}_{0}+\int_{0}^{1}(\frac{\sigma }{2}u^{2}_{x}+ \frac{1}{2}\rho^{2})\,dx$\end{document}$.

Assume that ([19](#Equ19){ref-type=""}) is not valid, then there is some positive number *Ω* such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sup_{x\in \mathbb{S}} \sqrt{\frac{\sigma }{2}}u_{x}\leq \varOmega , \quad \forall (t,x)\in [0,T)\times \mathbb{S}, \end{aligned}$$ \end{document}$$ then, from ([24](#Equ24){ref-type=""}), for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathbb{S}$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\vert \rho \bigl(t,-\xi (t)\bigr) \bigr\vert = \bigl\vert \rho (0) \bigr\vert e^{\int^{t}_{0} u_{x}\,dt} \leq \Vert \rho_{0} \Vert _{L^{\infty }}e^{\sqrt{\frac{2}{ \sigma }} \varOmega t}, \end{aligned}$$ \end{document}$$ from which we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert \rho \bigl(t,-\xi (t)\bigr) \bigr\Vert _{L^{\infty }} \leq \Vert \rho _{0} \Vert _{L^{\infty }}e^{\sqrt{\frac{2}{\sigma }}\varOmega t}. \end{aligned}$$ \end{document}$$

In order to proceed with the proof, next we need to obtain the lower bound of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d(t,-\xi (t))$\end{document}$. $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} d\bigl(t,-\xi (t)\bigr) =&-2\mu_{0}u+2\mu^{2}_{0} + \int^{1}_{0} \frac{\sigma }{2}u_{x}^{2}+ \frac{1}{2}\rho^{2}\,dx \\ \geq& -2 \vert \mu_{0}u \vert +2\mu^{2}_{0}+ \frac{1}{2}\mu^{2}_{1} \\ \geq &-\frac{\sqrt{3}}{3} \vert \mu_{0} \vert \mu_{1}+\frac{1}{2} \mu^{2}_{1}. \end{aligned}$$ \end{document}$$ Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} Q(t)&=\sqrt{\frac{\sigma }{2}}N(t)+\sqrt{\frac{\sigma }{2}} \Vert u_{0,x} \Vert _{L^{\infty }}+\mu_{1}+\sqrt{ \frac{ \sqrt{3}}{3} \vert \mu_{0} \vert \mu_{1}} \\ &\quad{} +\frac{\sqrt{2}}{2} \Vert \rho_{0} \Vert _{L^{\infty }}e ^{\sqrt{\frac{2}{\sigma }}\varOmega t}, \end{aligned}$$ \end{document}$$ then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} Q(0)&=\sqrt{\frac{\sigma }{2}}N(0)+\sqrt{\frac{\sigma }{2}} \Vert u_{0,x} \Vert _{L^{\infty }}+\mu_{1}+\sqrt{ \frac{\sqrt{3}}{3} \vert \mu_{0} \vert \mu_{1}} \\ &\quad{} +\frac{\sqrt{2}}{2} \Vert \rho_{0} \Vert _{L^{\infty }}>0. \end{aligned}$$ \end{document}$$ We now claim that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} Q(t)>0,\quad t\in [0,T). \end{aligned}$$ \end{document}$$ Assume the contrary that there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{0}\in [0,T)$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q(t_{0})<0$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{1}=\max \{t< t_{0}; Q(t)=0\}$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q(t_{1})=0$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q'(t_{1})<0$\end{document}$, namely $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\sqrt{\frac{\sigma }{2}}N(t_{1}) =-\sqrt{\frac{\sigma }{2}} \Vert u_{0,x} \Vert _{L^{\infty }}- \mu_{1}-\sqrt{\frac{\sqrt{3}}{3} \vert \mu_{0} \vert \mu_{1}} -\frac{ \sqrt{2}}{2} \Vert \rho_{0} \Vert _{L^{\infty }}e^{\sqrt{\frac{2}{ \sigma }}\varOmega t_{1}} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sqrt{\frac{\sigma }{2}}N'(t_{1}) < -\sqrt{ \frac{1}{\sigma }} \varOmega \Vert \rho_{0} \Vert _{L^{\infty }}e^{\sqrt{\frac{2}{ \sigma }} \varOmega t_{1}}< 0. \end{aligned}$$ \end{document}$$ Recalling ([26](#Equ26){ref-type=""}) and using ([33](#Equ33){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} N'(t_{1}) & =\frac{\sigma }{2}N^{2}(t_{1})-\frac{1}{2} \rho^{2}(t_{1})+d(t_{1}) \\ & > \biggl( -\sqrt{\frac{\sigma }{2}} \Vert u_{0,x} \Vert _{L^{\infty }}-\mu_{1}-\sqrt{\frac{\sqrt{3}}{3} \vert \mu _{0} \vert \mu_{1}} -\frac{\sqrt{2}}{2} \Vert \rho_{0} \Vert _{L^{\infty }}e^{\sqrt{\frac{2}{\sigma }}\varOmega t_{1}} \biggr)^{2} \\ & \quad {} + \biggl[ -\frac{\sqrt{3}}{3} \vert \mu_{0} \vert \mu_{1}+ \frac{1}{2}\mu^{2}_{1} \biggr]- \frac{1}{2} \Vert \rho_{0} \Vert ^{2}_{L^{\infty }}e^{2\sqrt{\frac{2}{\sigma }}\varOmega t_{1}} \\ & >0, \end{aligned}$$ \end{document}$$ which is a contradiction to ([35](#Equ35){ref-type=""}). This verifies that ([33](#Equ33){ref-type=""}) is valid. Therefore, choosing arbitrary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in \mathbb{S}$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\sup_{x\in R}\sqrt{\frac{\sigma }{2}}u_{x}(t,x) \\ &\quad \geq -\sqrt{\frac{\sigma }{2}} \Vert u_{0,x} \Vert _{L^{ \infty }}-\mu_{1}-\sqrt{\frac{\sqrt{3}}{3} \vert \mu_{0} \vert \mu _{1}} -\frac{\sqrt{2}}{2} \Vert \rho_{0} \Vert _{L^{\infty }}e ^{\sqrt{\frac{2}{\sigma }}\varOmega t}, \end{aligned}$$ \end{document}$$ recalling the assumption $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sup_{x\in R} \sqrt{\frac{\sigma }{2}}u_{x}\leq \varOmega ,\quad \forall (t,x)\in [0,T)\times R, \end{aligned}$$ \end{document}$$ we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{\frac{\sigma }{2}}\vert u_{x}\vert <+\infty $\end{document}$. This contradicts our assumption $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T<\infty $\end{document}$, which completes the proof of Theorem [3.2](#FPar9){ref-type="sec"}. □

Wave-breaking phenomenon {#Sec4}
========================

In this section, we give a new blow-up phenomenon. To prove the blow-up phenomenon, the following lemma is crucial.

Lemma 4.1 {#FPar11}
---------

(\[[@CR26]\])
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Theorem 4.1 {#FPar12}
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Solving ([65](#Equ65){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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Remark 2 {#FPar15}
--------

It is worthwhile to mention that comparing with the results in \[[@CR2]\], our blow-up results are new and quite different. There is twofold meaning: firstly, our blow-up criteria and the proof of them are different from the ones in \[[@CR2]\]. Then, our blow-up phenomena (see Theorem [4.1](#FPar12){ref-type="sec"}) are also different from the ones in \[[@CR2]\], because the conditions of Theorem [4.1](#FPar12){ref-type="sec"} in our paper are different from the ones \[[@CR2]\]. When $\documentclass[12pt]{minimal}
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**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Acknowledgements {#FPar18}
================

The authors thank the referees for their valuable comments and suggestions. Guo's work is supported by Zunyi Normal University Doctoral Program project \[grant number *BS*\[2017\]10\], Department of Sichuan Province Education project \[grant number 17*ZB*0314\] and the Sichuan Province University Key Laboratory of Bridge Non-Destruction Detecting and Engineering Computer \[Grant number 2014QZY05\].

Availability of data and materials {#FPar19}
==================================

In our paper, no data were used to support this study.

Two authors cooperated to complete the work. All authors read and approved the final manuscript.

There is no fund to fund our work.

Competing interests {#FPar16}
===================

There are no competing interests.
